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It is noted that in large eddy simulation �LES�, filtering of the three-point third-order velocity
correlation allows one to determine the two-point third-order correlation of the filtered velocity. This
is useful in analyzing the dynamics of filtered �LES� fields, since the two-point third-order
correlation describes energy flux from large to small scales, just as it does in unfiltered turbulence.
A model for the three-point third-order correlation for stationary, incompressible, homogeneous,
isotropic turbulence in the inertial range is proposed in which simple polynomials are used as the
scalar function appearing in the most general tensorial form for the correlation. This leads to a
model with four free parameters, which are set by appealing to statistical data from a direct
numerical simulation. The resulting three-point third-order correlation function is in very good
agreement with the data. © 2007 American Institute of Physics. �DOI: 10.1063/1.2793163�

I. INTRODUCTION

Multipoint velocity correlations are central to the statis-
tical description of homogeneous isotropic turbulence.1,2 The
two-point second-order velocity correlation Rij�r�
= �vi�x�v j�x+r��, and its Fourier transform, the spectrum ten-
sor, are among the most commonly considered correlations,
and a variety of models for their evolution have been
developed.3–6 There have also been a number of theoretical
and experimental efforts to analyze two-point correlations
and structure functions,7,8 including applications to large
eddy simulation modeling.9

In homogeneous turbulence, the evolution equation for
R contains the two-point third-order correlation Sijk�r�
= �vi�x�v j�x�vk�x+r�� as a result of the nonlinear terms in the
Navier–Stokes equations. S describes the transfer of energy
from large-scales to small, and as such is of critical impor-
tance to the theory of the two-point statistics of turbulence.
Assuming isotropy, the evolution equation for R reduces to
the von Karman–Howarth equation.10 In combination with
the assumption of a Kolmogorov inertial range, this leads to
the well-known Kolmogorov 4/5 law11 for the third-order
longitudinal structure function in the inertial range. This is an
exact consequence of scale separation between large and dis-
sipative scales and the scale independence of the energy flux
in the intermediate range between them for homogeneous,
isotropic, incompressible turbulence. Isotropy of the turbu-
lence also implies that S can be uniquely determined in terms
of the third-order structure function, just as R can be written
in terms of the second-order structure function.

Of course, the two-point third-order correlation Sijk�r� is
a restricted case of the three-point third-order correlation
Tijk�r ,s�= �vi�x�v j�x+r�vk�x+s��. But there is no direct as-
sociation of T with the evolution equation for R or with
energy transfer. There has thus been little motivation to study

T, and because of the complexity of this quantity, there has
been virtually no work to characterize it.

In large eddy simulation �LES�, however, there is a mo-
tivation to characterize T. To see why this is true, let ṽi�x� be
the LES filtered velocity field. Note that the evolution equa-

tion for the two-point correlation of a LES field R̃ij�r�
= �ṽi�x�ṽ j�x+r�� includes a term involving the two-point

third-order correlation of the LES field S̃ijk�r�
= �ṽi�x�ṽ j�x�ṽk�x+r��, that arises from the quadratic terms in

the LES equations. S̃ represents energy transfer among scales
in the LES due to the nonlinear term and is thus of impor-
tance in analyzing the dynamics of the LES equations. It is
also one of the statistical inputs to the optimal LES modeling

approach described in Refs. 12–14. S̃ can be determined by
applying the filter �three times� to T �see Sec. II A�, which is
the reason for our interest in the three-point correlation.

The notable exception to the lack of work on the three-
point third-order correlation is the paper by Proudman and
Reid,15 in which the most general incompressible, isotropic
form of the Fourier transform of T is derived. In this paper,
we start with some mathematical background �Sec. II�. Then
from Proudman and Reid’s result for the Fourier transform of
the correlation, the equivalent form for the physical-space
correlation is determined and we find the simplest expression
consistent with the Kolmogorov 4/5 law �Sec. III�. Conclu-
sions and implications are discussed in Sec. IV.

II. BACKGROUND

The Kolmogorov inertial range theory for high Reynolds
number turbulence yields expressions for the longitudinal
structure functions, under the well known similarity assump-
tions that in the inertial range, the statistical properties of
turbulence depend on the separation scale and the rate of
dissipation.1,16 The longitudinal structure functions are
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Sp�r� = ��u��x + r� − u��x��p� = Cp��r�p/3, �1�

where r= �r� is the magnitude of the separation vector r,
which is assumed to be in the inertial range, u� is the velocity
component in the separation direction, � is the average rate
of kinetic energy dissipation �per unit mass�, and Cp are the
Kolmogorov constants, which are generally determined em-
pirically �e.g., C2	2.0�. The Kolmogorov expressions for
the structure functions are found to be relatively good repre-
sentations for p=2 and 3, though corrections are available
for p=2.17,18 However, their accuracy degrades as p
increases.19 Remarkably, an exact consequences of the theory
and the evolution equation for the two-point correlation, in
which the third-order two-point correlation appears, is that
C3=−4/5, the so-called Kolmogorov 4/5 law.

Isotropy and the continuity constraints are sufficient to
determine the second- and third-order two-point correlation
tensors from the second and third-order structure functions,
respectively. Using the Kolmogorov expressions above, the
correlation tensors are

Rij�r� = u2�ij +
C2

6
��r�2/3
 rirj

r2 − 4�ij� , �2�

Sijk�r� =
�

15

�ijrk −

3

2
��ikrj + � jkri�� , �3�

where the two-point correlations are defined as

Rij�r� = �vi�x�v j�x + r�� , �4�

Sijk�r� = �vi�x�v j�x�vk�x + r�� , �5�

and u2 is 2/3 the turbulent kinetic energy, which is also the
velocity variance. The result for the second-order correlation
is well known, but we are not aware of a previous reporting
of the third-order two-point correlation as shown here,
though it is implicit to the derivation of the 4/5 law, and is
alluded to by Frisch.1 For completeness, an outline of the
derivation is given in Appendix A.

The three-point third-order velocity correlation, which is
the quantity of interest here is defined as

Tijk�r,s� = �vi�x�v j�x + r�vk�x + s�� . �6�

The three points form a triangle, and vectors r and s deter-
mine its size, shape, and orientation. Because it is a function
of two vector arguments, T is much more complex than the
two-point correlation S. However, we seek the analog of Eq.
�3� for the three-point correlation. That is a “simple” tensor
form consistent with known constraints and the Kolmogorov
theory, particularly the 4/5 law.

A. Relationship to LES

In the usual formulation of LES the filtered velocity is
defined as

ṽi�x� =� G�x − x��vi�x��dx�, �7�

where G�x� is the homogeneous filter kernel. The Navier–
Stokes equations are then filtered to arrive at an evolution
equation for ṽ,

� ṽi

�t
+

� ṽiṽ j

�xj
= −

1

�

� P̃

�xi
+ �

�2ṽi

�xj � xj
+

��ij

�xj
, �8�

where

�ij = ṽiṽ j − viv j
˜ �9�

is the subgrid stress.
In homogeneous, isotropic, incompressible turbulence,

the two-point correlation of the filtered velocity R̃ij�r�
= �ṽi�x�ṽ j�x+r�� evolves according to

�R̃ik

�t
= 2�

�2R̃ik

�rj � rj
+

� S̃ijk

�rj
+

� S̃kji

�rj
−

�Qijk

�rj
−

�Qkji

�rj
, �10�

where

S̃ijk�r� = �ṽi�x�ṽ j�x�ṽk�x + r�� , �11�

Qijk�r� = ��ij�x�ṽk�x + r�� . �12�

The energy transfer between scales of the filtered veloc-

ity is mediated by S̃. We can contract Eq. �10� to obtain the

evolution equation for 1
2 R̃ii, which only depends on the mag-

nitude of r, and can be interpreted as the energy in the fil-
tered field associated with scales larger than r. Then

−�S̃iji /�rj�r� appears as the net flux of energy from scales
larger than r in the filtered field to those smaller than r. This
is analogous to the physical-space energy flux −�Siji /�rj in
the unfiltered equation,1 which is just � in the inertial range.
Similarly �Qiji /�rj is interpreted as the net flux of energy
from scales of the filtered fields larger than r to the subfilter
fluctuations �v− ṽ�. These average fluxes are generally posi-
tive �from large to small scales�; but this is an average of
fluxes in both directions.

Because S̃ includes the product of filtered velocities, it
cannot be determined by directly filtering S. It can, however
be found by filtering T,

S̃ijk�r� =� � � G�s�G�s − r��G�s + r − s��

�Tijk�r�,s��dsdr�ds� �13�

which can be derived easily by applying the filter �7� sepa-
rately to each of the velocities in the definition of T.

The two-point correlation Eq. �10� also includes Q aris-
ing from the subfilter stress term in the LES equations. The
definition of �ij �9� means that Q can be expressed as
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Qijk�r� = S̃ijk�r� − Ŝijk�r� , �14�

where Ŝijk�r�= �viv j
˜�x�ṽk�x+r�� can be determined by filter-

ing the two-point third-order correlation of the unfiltered ve-
locity

Ŝijk�r� =� � G�s�G�s + r − r��Sijk�r��dsdr�. �15�

Thus for the purpose of analyzing LES, we are motivated to
develop a model for the three-point third-order correlation
tensor. This will allow us to determine contributions of both
the nonlinear terms and the subfilter stress to energy dynam-
ics.

B. The Fourier transform of T

Proudman and Reid15 determined a general form for the
Fourier transform of T in both r and s �this is a six-
dimensional Fourier transform�. For an incompressible, ho-
mogeneous, isotropic turbulence, the most general possible
form for the Fourier transform � of T is given by

�ijk��,�� = �im���� jn����kp�����np�m	 + �mp
n	1

+ �mn�p	2 + �m
n�p�� , �16�

where the wavevectors �, �, and � are interrelated �+�
+�=0, and �im���=�im−�i�m /�2 is the divergence-free pro-
jector. The scalar functions 	, 	1, 	2, and � depend only on
the magnitudes of the wavevectors. For an outline of the
derivation of Eq. �16�, see Appendix B. Symmetries in the
tensor T imply symmetries among scalar functions

	��,
,�� = − 	�
,�,�� = 	1��,�,
� = 	2��,�,
� . �17�

Proudman and Reid15 also analyze the dynamic equation
for � in the context of the quasinormal approximation to find
independent �model� dynamic equations for 	 and �. These
equations imply that for stationary turbulence, � is zero. We
will thus assume that �=0, and with the symmetries ex-
pressed in Eq. �17�, � is determined through Eq. �16� by a
single scalar function 	 of �, 
, and �. We start with this
form in developing our real-space model for T.

III. INERTIAL-RANGE MODEL OF T

To construct a model for the three-point third-order cor-
relation, a general tensor form consistent with Eq. �16� is
derived, and then the scalar function appearing in the expres-
sion is selected for consistency with the Kolmogorov 4/5
law.

A. A general form for T in real space

To develop the analog of Eq. �16� in real space, it will be
inverse Fourier transformed to yield an expression for T.
However, to simplify the computations in real-space, it is
convenient to recast the expression as

�ijk��,�� = �̃im����̃ jn����̃kp�����npi�m	̃��,
,��

+ �mpi
n	̃�
,�,�� + �mni�p	̃��,�,
�� , �18�

where �̃im���=�2�im−�i�m is a modified divergence free op-
erator, and 	̃�� ,
 ,��=−i	�� ,
 ,�� / ��
��2 is a modified sca-
lar function that has the same symmetry properties as 	. The
advantage of this form is that the inverse Fourier transform
will not give rise to inverse Laplacian operators. An inverse
Fourier transform of Eq. �18� yields

Tijk�r,s� = Pim
t P jn

s Pkp
r ��np�m

s ��r,s,t� + �mp�n
r��t,r,s�

+ �mn�p
s��t,s,r�� �19�

which is thus our general expression for T in stationary, ho-
mogeneous, isotropic incompressible turbulence. Here, the
third separation vector is t=r−s, the scalar function ��r ,s , t�
is the inverse Fourier transform of 	̃, and r, s, and t are the
magnitudes of the separation vectors r, s, and t, respectively.
The operators appearing in Eq. �19� are defined as

�i
r 
� �

�si
�

r
, �20�

�i
s 
� �

�ri
�

s
, �21�

�i
t 
 −� �

�ri
�

s
−� �

�si
�

r
, �22�

Pij

 
 �ij�k


�k

 − �i


� j

. �23�

It is straightforward to confirm that the expression for T
in Eq. �19� satisfies the relevant symmetry and continuity
constraints for the third-order three-point correlation, pro-
vided that

��r,s,t� = − ��s,r,t� , �24�

which is the analog of Eq. �17�. The constraints on T are

�i
t Tijk = � j

s Tijk = �k
r Tijk = 0, �25�

Tijk�r,s� = Tikj�s,r� , �26�

Tijk�r,s� = T jki�− t,− r� , �27�

Tijk�r,s� = Tkij�− s,t� . �28�

The tensor form given in Eq. �19� is clearly linear in �;
indeed it can be expressed as

Tijk = Lijk��� , �29�
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where Lijk is the tensor-valued linear operator implied by Eq.
�19�. To complete the model of the three-point third-order
correlation, we need to only specify ��r ,s , t� satisfying Eq.
�24�.

B. Scalar function � in the inertial range

Our primary interest is a model for T that is valid in the
inertial range, analogous to the inertial range expression for
S �3�. Kolmogorov’s 4/5 law constrains S to vary linearly
with separation. Since T must reduce to S when r, s or t are
zero, this linearity must be reflected in T as well. More gen-
erally, the Kolmogorov similarity argument1,11 requires that
in the inertial range

T�
r,
s� = 
T�r,s� . �30�

The simplest way to ensure this linearity is to choose
��r ,s , t� to be a polynomial in r, s, and t. Since each term in
Eq. �19� is a seventh derivative of �, only terms with a total
degree of 8, will contribute to the linear scaling of T. This,
along with the symmetry constraint on � �24� suggests that �
be constructed from terms of the form

pa,b 
 �rasb − rbsa�tc �31�

with a+b+c=8 and a, b, c�0. There are only 20 expres-
sions of this form, and of these 14 produce nonzero T when
substituting for � in Eq. �19�.

However, all of these 14 nontrivial T are singular when
r, s, or t are zero. For example, terms such as rirjrkr /s3 arise,
which is clearly singular at s=0. In addition, terms like
�ijskr /s arise, which is discontinuous at s=0. It was found,
however, that there is a five-dimensional null space of the
singular and discontinuous terms. There is thus a five-
dimensional space of possible � functions that yield nonsin-
gular, continuous T. The space is spanned by the following
five functions:

�1 = 1
5760�− 27p0,3 − 3p0,5 + 4p2,3 + 18p3,5� , �32�

�2 = 1
1155840�− 315p0,3 + 4p0,7 + 56p2,5 − 140p3,4

+ 1260p3,5� , �33�

�3 = 1
1257600�− 4p0,1 − 1935p0,3 − 40p1,2 + 80p1,3 − 60p1,4

+ 16p1,5 + 180p2,3 + 990p3,5� , �34�

�4 = 1
462720�− 4p0,1 − 1215p0,3 − 36p1,2 + 64p1,3 − 36p1,4

+ 4p1,6 + 108p2,3 − 20p2,5 + 40p3,4 + 270p3,5� , �35�

�5 = 1
10684800�− 60p0,1 − 16065p0,3 − 504p1,2 + 840p1,3

− 420p1,4 + 24p1,7 + 1260p2,3 + 7560p3,5� , �36�

where pi,j are as defined in Eq. �31� above. These functions
have been normalized so that each of the Tn=L��n� satisfies

Tijk
n �0,r� = 1

15��ijrk − 3
2 ��ikrj + � jkri�� �37�

which is just Eq. �3� with � set to 1. The analytic model we
seek for T is thus given by

Tijk�r,s� = �
n=1

5

anTijk
n �r,s� with �

n=1

5

an = � . �38�

While the scalar basis functions �n are relatively simple
to write down, Eqs. �32�–�36�, the basis tensors Tn are not.
Indeed the expressions are so complex �as many as 758
terms�, that they will not be written out here. The process by
which the calculations were performed is described in Ap-
pendix C and programs are available through EPAPS20 and at
http://turbulence.ices.utexas.edu to evaluate the tensor nu-
merically.

To display the features of the five basis tensors defined
above, we examine the various components of the tensor for
two special arrangements of the separation vectors. First is
with the separation vectors r and s collinear �parallel, desig-
nated by ��, which, without loss of generality, we choose to
be in the x1 direction �r=re1 ,s=se1�. In this case, there are
only seven nonzero components, of which only T111

� and T122
�

are independent. The other five �T212
� , T221

� , T133
� , T313

� , and
T331

� � are related to T122
� through symmetry.

The second separation vector configuration is with r and
s orthogonal �designated by ��. Again, without loss of gen-
erality r=re1 is chosen to be in the x1-direction, and s=se2 is
chosen in the x2-direction. In this configuration, there are 14
nonzero components, of which seven are independent: T111

� ,
T112

� , T121
� , T122

� , T133
� , T313

� , and T323
� . Each of these is one of

a pair of symmetrically related components.
Since the tensor functions vary linearly with separation,

the tensors can be normalized by q
max�r ,s , t�, which for
the special separation configurations considered leaves only
the dependence on s /r. The nonzero, nonredundant compo-
nents of T� /q and T� /q are shown in Fig. 1 as a function of
�=arctan�s /r�. Note that the five basis tensors have similar
structure, and that two of them are quite similar �T3=� and
T5=��. There has been no effort to orthogonalize the basis.

C. Fitting to DNS data

To determine the five coefficients �a1 ,a2 , . . . ,a5� in Eq.
�38�, a least-squares fit to data from a direct numerical simu-
lation �DNS� of forced isotropic turbulence at Re�=164,12 is
performed. Let E�r ,s�=TDNS−Tmodel, be the error tensor.
Then the fitting was done to minimize the objective function

F = 
1 −
2

�
� � Eijk

� �r,s�Eijk
� �r,s�drds

+
2

�
� Eijk

� �r,s�Eijk
� �r,s�drds �39�

under the constraint that �nan=�, where only separation vec-
tors r and s that are parallel or perpendicular are considered,
to reduce the data requirements to a manageable level, and
the integrals are taken over the domain in r and s for which
q is in the approximate inertial range for the DNS �q /�
� �0.72,1.2�� or �q /�� �19,32��. This objective was se-
lected as a �crude� approximation to the integral over all r
and s in the inertial range. The coefficients obtained from
this fit are given in Table I. The coefficient of determination
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is R2=0.96, indicating that our model describes the DNS
data quite well.

The ability of the model to represent the DNS correla-
tions is shown in Fig. 2, in which nonzero components of
T /q are plotted as a function of �, for the parallel and per-
pendicular separation vectors, as in Fig. 1. The agreement
between model and DNS is very good. One exception is the
discrepancy in T111

� . This may be a problem with the DNS
data rather than the model, because the DNS data were sig-
nificantly unsymmetric which implies a lack of statistical

convergence in the DNS data for this component. Further
indication of the quality of the model is given in Fig. 3,
where contour plots show the nonzero components of T as
functions of r and s in both the model and the DNS. Since
there is a symmetry in each term shown, the DNS and model
are shown together in each frame, with a line of symmetry
dividing them. The model and DNS are very similar. But,
there is a minor discrepancy for r and s near zero, which is
due to viscous effects not represented in the model.

IV. DISCUSSION AND IMPLICATIONS

It is remarkable that the simple considerations of isot-
ropy and the Kolmogorov similarity assumptions are suffi-
cient to exactly determine the two-point third-order correla-
tion S, a third-ranked tensor. The three-point third-order
correlation T is a much more complicated object, so it is
equally remarkable that the same considerations, along with
a plausible modeling ansatz regarding functional forms �31�,
is sufficient to specify a model for T in the inertial range
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FIG. 1. Basis functions for the nonzero, nonredundant components of T� /q and T� /q �see text for definitions� as functions of �=arctan�s /r�. T1��plain
curve�, T2=+, T3=�, T4=�, and T5=�.

TABLE I. Values of the model coefficients in Eq. �38� found by fitting the
DNS data of Langford and Moser �Ref. 12�.

a1 /� 0.884

a2 /� −2.692

a3 /� −6.099

a4 /� −5.853

a5 /� 14.760
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with just four free constants. The model appears to fit low
Reynolds number DNS data quite well. It would also be
useful to test the model against higher Reynolds number
DNS data.

While the considerations leading to the model are
simple, the model itself is algebraically very complex. A
special-purpose tensor algebra program was written to per-
form the necessary manipulations. The detailed results are
available through EPAPS20 and at http://
turbulence.ices.utexas.edu, as are programs used to evaluate
the tensors numerically. Given the complexity of the expres-
sions, it may be that the ability to evaluate tensor compo-
nents numerically will be most useful.

The three-point third-order correlation T is of particular
interest in the analysis and modeling of LES, because by
applying the LES filter to T one can determine third-order
correlations of the filtered velocity. This is important in ana-
lyzing the transfer of energy among scales, and in formulat-
ing LES models. For example, the representation of T will
allow optimal LES models12 of the type evaluated by Zan-

donade et al.13 to be formulated theoretically, the usefulness
of such a model will have to be evaluated a posteriori by
validation of simulations performed with the model.

As another example of the utility of the correlation in
analyzing the impact of filtering, T was used to evaluate the
third-order longitudinal structure function of the filtered ve-

locity by using Eq. �13� to evaluate S̃3�r�=6S̃111�re1� for a
Gaussian filter kernel given by

G�x� =
1

��2�
e−�x�2/2�2

, �40�

where � is the filter width. The result is plotted in Fig. 4
along with S3 given by the 4/5 law. This filter is isotropic so
it preserves the isotropy of the filtered field, implying that

S̃ijk is written in terms of S̃3 in the same way that Sijk is
determined from S3 �see Appendix A�. Furthermore, the filter
is homogeneous and �Sijk /�rj is a constant in the inertial
range, so Eq. �15� gives
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� Ŝijk

�rj
=

�Sijk

�rj
= −

�

3
�ik. �41�

Therefore, Q �14� is directly determined from the difference

between S3 and S̃3 shown in Fig. 4. In particular, using Eq.

�A3� we can write the energy fluxes �S̃iji /�rj =F�S̃3� and

�Q̃iji /�rj =F�S̃3−S3�, where the operator F is given by

F�S�r�� =
2

3r
S +

7

12

dS

dr
+

r

12

d2S

dr2 . �42�

These two energy fluxes are also shown in Fig. 5. It is inter-
esting that the flux to the subfilter scales goes to zero so

slowly with increasing r, only reaching 10% of the dissipa-

tion by r=15�. Further, because S̃3−S3 goes to a constant for
large r, the subfilter flux only goes to zero like 1/r.
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APPENDIX A: DETERMINATION OF S
IN THE INERTIAL RANGE

The derivation of Eq. �3� starts from the general form of
an isotropic third-rank tensor function of a vector argument,

Sijk�r� = �ui�x�uj�x�uk�x + r�� = arirjrk + b� jkri + c�ikrj

+ d�ijrk, �A1�

where the scalars a, b, c, and d are functions of the magni-
tude of the separation vector r= �r� only. Symmetry in i and
j requires that b=c. Further, the continuity constraint
�Sijk /�rk=0 allows the functions a, b, and d to be eliminated
in terms of the third-order longitudinal correlation function,

f�r� = �v�
2�x�v��x + r�� , �A2�

where v� is the velocity component parallel to the separation
vector r. The result is

Sijk�r� = � 1

2

 f − r

df

dr
� rirjrk

r3 +
1

4r2 �� jkri + �ikrj�
d

dr
�r2f�

−
f

2r
�ijrk� . �A3�

The third-order longitudinal correlation function is directly

related to the third-order structure function, which in the
Kolmogorov inertial range is S3�r�=− 4

5�r. The correlation
f�r� can thus be written as

f�r� =
S3�r�

6
= −

2�r

15
. �A4�

Substituting into Eq. �A3� then immediately yields Eq. �3�.

APPENDIX B: THE MOST GENERAL FORM
FOR �

Presented here is a condensed version of the derivation
from Proudman and Reid.15 The three-point third-order ve-
locity correlation is Tijk�r ,s�
�vi�x�v j�x+r�vk�x+s��. Its
Fourier transform is

�ijk��,�� = i�2��−6� � Tijk�r,s�e−i��·r+�·s�drds . �B1�

Consistency with continuity requires

��i + 
i��ijk��,�� = � j�ijk��,�� = 
k�ijk��,�� = 0.

�B2�

The most general isotropic third-ranked tensor function of
two vectors is

	mnp��,�� = 	1�m�n�p + 	2�m�n
p + 	3�m
n�p

+ 	4
m�n�p + 	5
m
n
p + 	6
m
n�p

+ 	7
m�n
p + 	8�m
n
p + 	9�m�np

+ 	10�n�mp + 	11�p�mn + 	12
m�np

+ 	13
n�mp + 	14
p�mn, �B3�

where �	1 ,	2 , . . . ,	14� are scalar functions of the magni-
tudes of the wavevectors �
���, 

���, and �
���, and �
+�+�=0.

To enforce incompressibility, we employ the divergence-
free projector �im���
�im−�i�m /�2. So, to satisfy all three
incompressibility conditions in Eq. �B2� and isotropy, we
apply three projectors to 	mnp; the result is the most general
form for �ijk,

�ijk��,�� = �im���� jn����kp���	mnp��,�� . �B4�

Furthermore, the triple projection operator directly elimi-
nates all but four components of 	mnp shown in Eq. �B3�, so
effectively the above equation becomes

�ijk��,�� = �im���� jn����pk����	3�m
n�p + 	9�m�np

+ 	11�p�mn + 	13
n�mp� . �B5�

Renaming the scalar functions as follows: 	3→�, 	9→	,
	11→	2, 	13→	1, we obtain Eq. �16�.

APPENDIX C: CALCULATION PROCEDURES

Symbolic calculation of the tensor basis functions Tn

were carried out using a collection of scripts written
in Matlab. These scripts operate on mathematical expres-
sions in the form of strings of characters, such
as −36*DELTA_ik*r∧6*s∧−3*s_j*t∧−3+432*r∧

−1*r_j*r_k*s_i*t∧−1, which is just a small part of
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FIG. 4. Third-order longitudinal structure function S̃3 of a Gaussian filtered
infinite Reynolds number isotropic turbulence computed from the tensor
model described by Eq. �38� and Table I. Also shown is the unfiltered struc-
ture function S3 from the Kolmogorov 4/5 law.
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T1. Scripts perform addition, multiplication, and spatial dif-
ferentiation �gradient or divergence�. Addition and multipli-
cation of terms is straightforward. Derivatives with respect to
the separation vectors of scalars �e.g., r5� and vectors �e.g., r�
must be computed. The following simple rules for the evalu-
ation of the derivatives �i

r, are implemented in the symbolic
manipulation scripts, along with analogous rules for �i

s and
�i

t:

�i
rs
 =� �s


�si
�

r
= 
s
−2si, �C1�

�i
rt
 =� �t


�si
�

r
= − 
t
−2ti, �C2�

�i
rsj =� �sj

�si
�

r

= �ij , �C3�

�i
rtj =� �tj

�si
�

r

= − �ij , �C4�

These along with the chain rule are sufficient to evaluate Eq.
�19�. Finally, the scripts also simplify contractions, for ex-
ample, �ijri=rj, rjsj =r ·s, and sjsj =s2.

Using the symbolic evaluator described above, Eq. �19�
was evaluated for 20 different � given by �= pa,b
�rasb

−rbsa�tc, where a+b+c=8 and a, b, c�0 are integers. Of
these 20 candidate tensor expressions, 14 are nonzero. How-
ever, all 14 have discontinuities and/or singularities �which
are nonphysical� at r, s, or t of zero.

To eliminate the discontinuities and singularities, linear
combinations of the 14 nontrivial basis functions are sought
which exactly cancel them. This is done by using the first
order approximation of t for small s, namely, t	r and sim-
plifying the resulting expressions for each basis function.
Singular and discontinuous terms �for small s� are identified
as those with net power of s that is less than or equal to zero,
and that are not independent of s. Thus, terms with factors
such as sk /s or sisjsk /s3 are identified as discontinuous at s
=0 �their limiting values as s→0 depend on the direction of
the approach�, while factors such as sk /s3 and 1/s are simply
singular at s=0. Each of the 14 reduced basis tensors in-
cludes one or more of 28 distinct discontinuous or singular
terms. The null space of the 28�14 matrix of coefficients of
the singular and discontinuous terms defines the space of the
tensor function in which all these terms cancel. Remarkably,
it was found that the dimension of this null space is six
�rather than zero�. A vector basis for the null space then
defines a basis of tensor functions in which the problematic
terms have been eliminated.

However, this does not necessarily lead to a basis in
which there are no singularities or discontinuities. The rea-

son is that the approximation for t was only first order in s,
and higher order terms can also lead to singularities or dis-
continuities. Indeed, it was observed that 4 of the 6 basis
tensors determined above were discontinuous. By substitut-
ing t=r−s, and expanding to explicitly expose the higher-
order terms in s, the remaining singular/discontinuous terms
were identified. Using the same procedure described above,
it was found that these singularities and discontinuities had a
five-dimensional null-space. A basis for the five-dimensional
space of continuous nonsingular model tensors is thus found
and is given in Eqs. �32�–�36�.
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